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K i n e t i c  Cons idera t ions  of t h e  S t r e n g t h  of  
Oriented S o l i d s *  . 
C .  C .  Hsiao,  H.H. Kausch von Schmeling and C .  S. T ing  
U n i v e r s i t y  of Minnesota, Minneapol is ,  Minnesota 
The mechanical  s t r e n g t h  of a n  o r i e n t e d  and stressed 
/-#2 6 7  
s o l i d  i s  cons ide red  on the b a s i s  of u s i n g  t h e  s t a t i s t i c a l  
a b s o l u t e  r e a c t i o n  r a t e  theory.  It i s  shown t h a t  f o r  
l a r g e  a p p l i e d  stresses the  f r a c t u r e  s t r e n g t h  i s  almost  
l i n e a r l y  r e l a t ed  w i t h  logar i thm of  t i m e .  For small 
s t r e s s e s  t he  t ime- to-break  r e q u i r e d  approaches  to 
i n f i n i t y .  
The macroscopic  mechanical  s t r e n g t h  of a s o l i d  i s  
i n t i m a t e l y  a f f e c t e d  by microscopic  s t r u c t u r a l  changes.  
i s  p a r t i c u l a r l y  t r u e  f o r  s o l i d s  hav ing  pronounced t . i m e -  
dependent  p r o p e r t i e s .  Ul t imate  s t r e n g t h  i s  one suish 
p r o p e r t y  which can be considered on t h e  basis  of a k i n e t i c  
concept  i n  t h e  f r a c t u r i n g  process .  The mathemat ica l  model 
which can be used f o r  a n a l y s i s ,  i s  a matrix of o r i e n t e d  
e l emen t s  embedded i n  an a r b i t r a r y  domain.’ 
f r a c t i o n  of unbroken elements p e r  u n i t  s o l i d  a n g l e  i s  
r e p r e s e n t e d  by f .  I n  gene ra l  f i s  a f u n c t i o n  of t ime and 
o r i e n t a t i o n .  The time-dependent f u n c t i o n  can be e v a l u a t e d  
f o r  a g iven  o r i e n t a t i o n  of  the e lements  w i t h  r e s p e c t  t o  t h e  
d i r e c t i o n  of a p p l i e d  s t ress  
T h i s  
Assume t h a t  t h e  
from the  s t a t i s t i c a l  t h e o r y  of the  a b s o l u t e  r e a c t i o n  r a t e  2 
df  1 
d t  - =  K r (  - f ) - Kbf 
where Kr = o e -CU/RT t- Y 2 ( / ( t ) 1  i s  t h e  r a t e  of r e fo rma t ion  r 
x 
T h i s  r e s e a r c h  i s  suppor ted  by the  U. S. AEC and NASA 
1. One of t he  a u t h o r s  ( C C H )  i s  i n d e b t e d  to P r o f e s s o r  S.  P rage r  
f o r  t h e  o p p o r t u n i t i e s  of o b t a i n i n g  h i s  s u g g e s t i o n s  on t h e  
model and d i s c u s s i n g  t h e  s u b j e c t  mat ter  
2. C .  C .  Hsiao,  J .  Appl. Phys. 30, 1 4 9 2  (1959)  
I L 
2 
of  broken e lements  and \ = %e -[U/RT - @lCl(t)l ,  t he  rate 
of r u p t u r i n g  of  unbroken elements .  o and % are  r e s p e c t i v e l y  
the f r e q u e n c i e s  of  motion wi th  r e s p e c t  t o  r e f o r m a t i o n  and 
r u p t u r e  p r o c e s s e s .  U i s  a c t i v a t i o n  energy,  R i s  a 
u n i v e r s a l  c o n s t a n t ,  T i s  a b s o l u t e  t empera tu re .  f3 and y 
are  p o s i t i v e  q u a . n t i t i e s  which modify t h e  ene rgy  b a r r i e r  f o r  
t h e  a p p l i e d  s t ress  $ ( t ) .  Once t h e  f u n c t i o n a l  form of f i s  
de termined ,  t h e  t ime-dependent f r a c t u r e  s t r e n g t h  of a 
comple te ly  o r i e n t e d  s o l i d  can be s t u d i e d  by  s o l v i n g  (l), 
from which f i s  found as fo l lows :  
r 
where f o  i s  a q u a n t i t y  which can v a r y  from 0 t o  1 dependent  
upon t h e  i n i t i a l  s t a t e  of t h e  system. When $ ( t )  = 0 i t  i s  
r e a s o n a b l e  to b e l i e v e  t h a t  Kp and Kb are  a lmos t  e q u a l .  Under 
t h e s e  c i r cums tances  a s t a t e  o f  e q u i l i b r i u m  w i l l  b e  reached  i f  
It i s ,  however, v e r y  u n l i k e l y  tha t  t h i s  s t a t e  o f  e q u i l i b r i u m  
w i l l  be  reached  by most polymeric  sys tems u n t i l  v e r y  l o n g  
p e r i o d s  of  t i m e  have e l apsed .  R e f e r r i n g  t o  t h e  measure- 
ments of Zhurkov (e .g .  f o r  PMMA at + 5 O o C )  t h e  conshant  
tha t  the  u n s t r e s s e d  polymeric  system w i l l  n o t  r e a c h  i t s  
e q u i l i b r i u m  s t a t e  w i t h i n  a r easonab le  p e r i o d  of  t i m e .  
3 
-U/RT i s  o f  the o r d e r  of  30 year-'. T h i s  means %e 
According to t h e  a b s o l u t e  r e a c t i o n  r a t e  t h e o r y ,  t h e  
e f f e c t  of s tress on e l a s t i c  de fo rma t ion  and v i s c o u s  flow 
i s  capab le  of b e i n g  r e l a t e d  to a comprehensible  a c t i v a t i o n  
p r o c e s s  as  a consequence of t h e  movement of t h e  whole o r  
a segment of a molecule ,  f r o m  one molecu1a.r e q u i l i b r i u m  
s t a t e  t o  t h e  n e x t .  If U i s  t h e  o r i g i n a l  p o t e n t i a l  energy  
b a r r i e r  to be  c r o s s e d  between two e q u i l i b r i u m  s t a t e s ,  t h e  
f r e q u e n c y  w i t h  which such  s t e p s  occur  under  t h e  i n f l u e n c e  
of  t h e  the rma l  a g i t a t i o n  w i l l  b e  p r o p o r t i o n a l  t o  e 
3 .  S.  N. Zhurkov, " K i n e t i c  Concept on the  S t r e n g t h  of S o l i d s , "  
p r e s e n t e d  a t  the  I n t e r n a t i o n a l  Conference on F r a c t u r e ,  Sendai ,  




After  a s t r e s s  a ( t )  i s  app l i ed  to t h e  o r i e n t e d  system, 
i n d i v i d u a l  e lements  a re  s u b j e c t e d  to a stress p ( t ) .  
energy  b a r r i e r  becomes modified to U/RT - @$'(t) i n  the  
d i r e c t i o n  of t he  a p p l i e d  stress, to U/RT + y$'( t )  i n  t h e  
o p p o s i t e  s ense  where, as s t a t e d  e a r l i e r  f3 and y are  c o n s t a n t s  
depending upon t h e  mod i f i ca t ion  o f  t h e  energy  bar r ie r .  A s  
a r e s u l t  both t he  ra tes  of  modif ied k i n e t i c  p r o c e s s  become 
d i f f e r e n t  e x p o n e n t i a l  f u n c t i o n s  of stress as  g iven  b e f o r e .  
For l a r g e  v a l u e s  of s t r e s s  $ ( t ) ,  K 
smaller compared w i t h  %. 
may be reduced to 
The 
w i l l  b e  ve ry  much r 
To a f i r s t  approximat ion  ( 2 )  
t 
Then the  s t r e s s  f u n c t i o n  +(t) i n  each element  w i l l  be  g iven  
as :  
L 
Furthermore,  U i s  a m a t e r i a l  c o n s t a n t  and + ( t )  may be 
cons ide red  as a cont inuous  and m u l t i - d i f f e r e n t i a b l e  f u n c t i o n  
of  t i m e .  We may wr i te  u s i n g  t h e  l a s t  e q u a t i o n s :  
where tm i s  t i m e  to f r a c t u r e  f o r  a c o n s t a n t  a p p l i e d  s t ress  a .  
It seems q u i t e  reasonable ,  a t  t h i s  s t a g e ,  to assume t h a t  
the f r a c t u r e  s t r e n g t h  i s  a s s o c i a t e d  wi th  a l i m i t i n g  v a l u e  
$', beyond which eve ry  element o r i e n t e d  i n  t h e  d i r e c t i o n  of 
a p p l i e d  s t r e s s  w i l l  b r eak .  Then 
4 
Again f o r  s i m p l i c i t y  by dropping h i g h e r  o r d e r  terms t h e  f i r s t  
two terms a re  t aken  i n  e v a l u a t i n g  the  i n t e g r a l ,  we obta . in  
From ( 5 )  i t  i s  e a s i l y  seen t h a t  q ( 0 )  = 4aa . 
i n .  ( 7 )  and approximat ing  t h e  l a s t  terms, 
S u b s t i t u t i n g  
we o b t a i n  
For  ex t r eme ly  h igh  va lues  of a, i f  4ao/fo i s  v e r y  near t o  
t he  l i m i t i n g  s t ress  qm, t h e  f i r s t  t e r m  i n  ( 8 )  w i l l  b e  c l o s e  
t o  z e r o .  Then (8 )  can be approximated by t h e  f o l l o w i n g  form 
fo'm ) ( a  Q -4T 
It i s  e v i d e n t  t h a t  tm i s  p r o p o r t i o n a l  to t h e  n e g a t i v e  v a l u e s  
o f  t h e  a p p l i e d  t e n s i l e  s t r e s s .  
t h a t  t h e  l o g a r i t h m  o f  t ime w i l l  b e  e s s e n t i a l l y  dependent  on 
0 i n  t he  e x p o n e n t i a l  t e rm g i v i n g  a l i n e a r  r e l a t i o n s h i p  
between a and Bn%t,. 
r e p o r t e d  i n  v a r i o u s  p u b l i c a t i o n s .  3 ' 4 ' 5 ' 6 ' 7  
o f  t h e  p r e s e n t  a n a l y s i s ,  we can  e a s i l y  wr i t e  
For  r e l a t i v e l y  large v a l u e s  of  a, i t  i s  seen  from ( 8 )  
Such l i n e a r  r e l a t i o n s h i p s  have been  
On t h e  b a s i s  
Q u 4@a I n % t m  = RT - -
f O  
( 9 )  
4. F. Bueche, J.  Appl. Phys. - 26, 1133 (1955) ;  - 28, 784 (1957) ;  
5. B. D. Coleman, J .  Appl. Phys. 27, 862  (1956) ;  28, 1058 (1957) ;  
29, 1 2 3 1  (1958)  
- 29, 968 (1958) ;  Trans .  SOC. RhEl .  - 1, 153 (1957)  
6. C .  C .  Hsiao,  Nature 186, 535 (1960)  
7.  S.  N. Zhurkov, Z .  Phys. C h e m .  213, 183 (1960)  
a 
5 
where t h e  l i m i t s  f o r  0 a r e  s e l e c t e d  on the  basis  of a c a r e f u l  
a n a l y s i s  which w i l l  b e  pub l i shed  i n  t he  f u t u r e .  
If, on t h e  o t h e r  hand, 0 i s  small, (8 )  i s  n o t  v a l i d  
f o r  o b t a i n i n g  u s e f u l  i n fo rma t ion .  One shou ld  r e f e r  to ( 2 )  
f o r  p r o p e r  c o n s i d e r a t i o n .  B r i e f l y ,  one can see tha t  f o r  
v e r y  small a p p l i e d  s t r e s s e s  q ( t )  w i l l  a l s o  be  v e r y  small f o r  
a r a t h e r  l o n g  p e r i o d  of t i m e .  
comparable.  The m o d i f i e r s  p and y may be r ega rded  as  e q u a l  
and  t h e  f r e q u e n c i e s  and up, t h e  same. To a f i r s t  
o r d e r  of approximat ion ,  i n t e g r a t i o n  of  ( 2 )  w i l l  l e a d  to the  
f o l l o w i n g  r e s u l t :  
I n  t h i s  c a s e  % and Kr are  
U/RT 
Bnp 0 e 
2% 
tm > - 
where t h e  l i m i t  of 0 i s  a g a i n  ob ta ined  from a more d e t a i l e d  
a n a l y s i s  which w i l l  be  r e p o r t e d  e l sewhere .  It i s  seen  t h a t  
a.s (5 approaches  zero ,  tm w i l l  approach i n f i n i t y .  
To i l l u s t r a t e  the  g e n e r a l  t r e n d ,  F i g .  1 shows schemat i -  
c a l l y  t h e  v a r i a t i o n  of t h e  f r a c t u r e  s t r e n g t h  as  a f u n c t i o n  
o f  l o g a r i t h m  of  t i m e  as approximated by ( 9 ) ,  ( 1 0 )  a.nd (11). 
T h i s  t h e o r e t i c a l  curve  appea r s  t o  cover  a complete  r ange  
of  s t ress- t ime r e l a t i o n s  and f i t s  ve ry  wel l  w i th  v a r i o u s  
r e p o r t e d  f i n d i n g s .  8 '9 
e x p l a i n  t h e  d e v i a t i o n s  from l i n e a r  s t r e s s - l i f e t i m e  r e l a t i o n -  
s h i p s  f o r  d i f f e r e n t  k i n d s  o f  s o l i d s  found e x p e r i m e n t a l l y  
by Zhurkov3 f o r  r e l a t i v e l y  h i g h  t empera tu res  or low 
s t resses .  
g i v e n  approximat ions  ( 9 ) ,  ( 1 0 )  and (ll), t h e r e  ex i s t s  a 
gap  between t h e  l i m i t s  o f  the  a p p l i e d  s t ress  0 shown i n  ( 1 0 )  
I n  a d d i t i o n ,  i t  can a l s o  be  used  to 
According t o  a d e t a i l e d  c o n s i d e r a t i o n  of ( 2 )  and t h e  
8. G. M. Ba r t enev  and U .  C .  Zuev, S t r e n g t h  and F r a c t u r e  of 
V i s c o e l a s t i c  Materials ( i n  R u s s i a n ) ,  "Chemistry" P u b l i s h e r ,  
Moscow (1964)  
9 .  C .  C .  Hsiao,  Proc .  Symposium on S t r u c t u r a l  Dynamics under  
High Impulse Loading, Tech. Docu. Report  No. ASD TDR 













and (11) and i l l u s t r a t e d  a s  d o t t e d  l i n e  i n  F ig .  1. T h i s  
happens to be one of  the  most i m p o r t a n t  s e c t i o n s  of t he  
curve  from b o t h  t h e o r e t i c a l  and p r a c t i c a l  view p o i n t s .  
p r e s e n t  c a l c u l a t i o n s  are be ing  c a r r i e d  ou t  w i t h  t h e  hope 
of  de t e rmin ing  t h e  p r e c i s e  t ime dependent  n a t u r e  of t h e  
f r a c t u r e  s t r e n g t h  of a s o l i d .  
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